N :,r.lllrr’ S .-,,aI;' ; —F e =5
[ /N VAL by TS

| v

DRAFT TRANSLATION OF PENTAGRAMA MIRIfICUM

(1.]

ceosl = sin2 - sinb
cos2 = sin3 + sinl
cos3 = sin4 - sin2
cos4 = sinS5 - sin3
cos5 = sinl ¢ sin4
1 = cosl + tang3 - tang4
= cos2 -+ tang4 - tangS
= cos3 + tang5 - tangl
= cos4 + tangl - tang2
= cos5 - tang2 - tangad
8. -dl = d2 + cos4 + d5 - cos3
S. -d2 = d3 + cosS + d1 - cos4
10. -d3 = d4 - cosl + d2 - cos5
b U -d4 = 85 - cos2 + d3 - cosl
12. -d5 = d1 - cos3 + d4 - cos2

Eliminating d5 from 8 and 12 gives

dl.sin3%=-d2.coséd+d4.cos2.c0s3

Whereas, eliminating d3 from 9 and 10




[ N

d?.sin52=-di.cos4+d4.cosl.coss

(2.1

The pentagon in the plane, which is formed by the cgntral
projection of a spherical one on any plane of your choosing,
has the property, that normals drawn from a side to the opposing
vertex intersect in one point (the eye point). At the same time
the products of both pieces, where that common intersection point
divides the normals, are always egual.

cosA = a, cosB = f§, cosC = 7, cosD = §, COSE = €
Maintaining that whole complex numbers are expressed in each

corner, there are five whole complex numbers P, pr, Py PTG
p’’’’, and what is more,

pea+bi, pr =a’ # b’i, etc.
One sets

siabil & BIBITE wm (1,3]), &g e = (2,4) and 59 forth

and takes for the corners

(1,3)(2.4)p, (2,4)(3.0)p", (3,0)(4,.1)P" " {(4,1)(0,2)p" " " (0,2)(1,3)p" """
= q qo' qca' q"‘l q-o’O
therefore

q.-(.lavvf+brbftf)(af catuc:+bl 'b'“‘}a*(a‘a“""b‘b"‘)(a' 'alt’l’*bl ‘b“")bi

and sc forth

Then



9‘'-gq = (ba‘-ab’)(2,4)(b'"'-a’’*'i) = -(ba'=-ab’')(2,4)p‘'"i and so forth

The cut of gg’ by og’” has the complex number =

e (3530 (2,8 1300 =0
Qe (2 "ig My p i1l %

The above mentioned product becomes — B
A P
= -(0,2)(1,3)(2,4)(3,0)(4,1) N
. W o I = '
Q!l/_q._: (1,3) (2,4) (ba-ab™) (b-g3)

a ﬂ!a )‘H‘_b m’b "

Bl d o 1T .
q/_Q!H= (2,4) (3,0)(a’p"-b‘a’) (bﬂ/_a!//l)

a J'h’a H"*b fﬁbﬂi

(3.3

The relations between the sides of the spherical pentagon

are
Square of Egquations
Tangent Secant Cosecant

a vé vé/a l+a=yé

B8 Se §e/B 1+f=8¢

Y € ca/y l+y=€ca

s af afB/é 1+é=af

€ By By/e. 1+e=fy

These equations are not independent, that is to say they are
identical to: :

(1+7) (1+8-8€) = (1+B) (1+y-€a)=€{ (1+B)a~- (1+y) &}
=¢{(ef=6=1)~yé-a-1)}

and in a similar way the fifth is derived from the remaining
three.



From two of the magnitudes @, B, v, &, € follow the others

—dlea+y _ 1+ = 12 =
p " ey [ _'Y_ lﬁ"l‘ﬁ se-1

6=‘;“,Y=1;“,6=uB-1,y=ae-1

=11 e= 1vesd oo 1+6 ,8= 1+a

abd ep-1 ge-1

cos? sin® .
4 a =9 1/10 /10 71° 33* s&”
B=3/2 (2/3) 3/5 2/5 39 13 54
5y =2 1/3 2/3 54 44 7
§ =5 1/6 5/6 65 54 19
€ = 1/3 3/4 1/4 30 0 O

The beautiful equation

3+a+ﬁ+y+6+e=aﬁy6e=JTl+a)(1+ﬁ)(l+Y)(l+5}(l+E)

The area of the spherical pentagons is 360° minus the sum of
the sides. If one sets the sum = to S and

(1+iJE)(l+iJﬁ)(1+iJ?)(1+J3)(1+JE)=A+Bi

which becomes .
A=afyée-cosS
B=afy6§€e-sinS

(4.]

G (ax+By+yz) 4G’ (a/x+B/y+y 2)*+G" (a"x+B"y+y"2)’
=Axx+Byy+Czz+2ayz+2bxz+2CcXy

(A=G)a+ cB+ by=0
Cﬂ‘i‘{B-G)ﬁ‘l‘ QTzo
ba+ a+f+(C-G)y=0

{a(A-G}-bc}a={b(B—G}-ac}ﬁ={c(c—G)—ab}7



bc . ac " ab
a(A-G)-bc b(B-G)-ac c(C-G)-

"
£

(A-G) (B-G) (C-G)+2abc=aa (A-G)+bb(B-G) +cc(C-G)

1
- A=) ~be)
1.(.“‘61 br}z‘{lt )2
bid-c) - clo=-5) ~ab

aa=

If one sets

be + ac 3 ab +1 =0
a(A-x)-bc b(B-x)-ac c(C-x)-ab

becoming indefinite

[a(d—z)—bef 'b{B-—-.rj—-ach(C—‘*j-—cb”"
= —-ao:(.—G;{.r—G} == G")

Differentiating and then setting x=G, it becomes

[a(4d—G)—bc] |8(E— G)—ac] |¢(C—G)—ab] :

1 1 1 1
(e d—G—2¢c)" _!_(O(B-—G‘}-—oc}'T[c{C—G‘]—nb)‘z

= abe(G—G')(G—G")

><abel

from which

P V[s(s-c}—.a]{eic_r;}—.n
TV e(d=G)=c)(G=G)N6~C")

In conclusion an alteration is required if the magnitudes a,

b, ¢ vanish. The above first equations for G would then be
identical.

(5.1
The equation for the points on the surface of the cone where

o



the points (1), (2), {33, (4). B) 1lie, when the apex ?f.the cone
js in the center of sphere and at the same time the origiln of the
of the coordinate system. The X axis goes through point (3),

therefore the yz plane goes through (1) and (5), the y axis goes

through (1)-

z y z
(3) ! b 0
(4) cos 1 0 sin 1 )
() (1] cos 3 sin 3
(1) 0 1 T 0
2) cos 5 cos 4 —cos3.sin 5

the eguation

{
!

(z.cos1—x.sin 1)(:.ws3—y.niu3)cosz =z \

1

or

ol o = tabag <7
zzya+y VT'!--——',‘T Iy

Through a change in the coordinates the same thing can be brought
into the Form :

Z'Z'=LX'X'+HY'Y'
solving the egquation for

t(2t-1)=afyse(t-1)

which has a negative G and two positive roots (G’, G") so it
becones



Gz’z'+G'%x’'x’'+G"y’'y’=0
GG’G"=-1/4af38ve
(G-1) (G’=1) (G"-1)=-1/4
(2G-1) (2G'=1)2G"-1)=-afl§y¢

for the above example
t(2t-1)=20(t-1)

roots ~2.31973145, +1.06931815, +2.1279965

one sets

|sw 1

c¢byoe =w und V%E:—:::: o3l = e 3

which becomes

-

t= $—3cosd.y(3w-1)

In proportion to the cubic equation

E= (i-c]‘-'l)s =“BYGE

(one conveniently solves this with Weidenbach’s table where
1/yxx=cf3yée must be searched for as 1-x/1+x=y which then becomes
2t-1=1/x.) One gets an overview from the following table:

t abyde t abyé: 1 abrce
co o 1.0 ~-16.6 1.0 o
=10 L4009 1.8 152 ... nesativ
-+ 9 -+-3235.1 1.7 -14.0 > Sk aco
-t f < 257.1 ~+1.6 —+12.9 —1.618034 - 11.0901639

- 7 - 187.2 1.5 —-—12.0 —_— - 16.7
- 6 - 143.2 g <11.34 -3 - 35.7
<4 3 ~101.2 ~=1.309017 —-{1.0901699 —4 —~ 64.5
- 4 - §5.3 1.3 +11.09 —Y —100.5
-+ 3 -~ 37.3 <12 411,76 — oo
< 2 - 18 1.1 ~+15.84



With that, therefore, three real roots are permitted, aByde
must be > 11.0901699 or

11, 135
2 2

the limit values for t therefore are:

+1.309017=3:fg

and
-1.618034=-1%5
2
(6.

A,B,C;D,E are the vertices of the polygons.

a,b,c,d,e are the poles of the diagonals

0,1,2 are the three primary axes corresponding to the roots
G, G’, G" of the egquation

3t}

——— = (tang 4 B.tang BC.tang CD.tang D E.tang L 4)* |
where G may be taken for the negative root, so that
Guu+G’u’u’+G"u”,u”=0

if u is defined as the coordinates of any one of the points
A,B,C,D,E, then at the same time uu+u’u’+u”u”=1

The source of the primary theorem is contained in the two
equations

L cos bl A cosh s e 2200 =\ =tngd 7] \
WG—0GJl6—=6") '
- R TR, R
II. cos0d.cos0 C= — — Sl ' \
=EC.mdB(C—G)(G=C)



Equation I represents 30 eguations, but II represents 15,
allowing for every permutation of the axes and vertices. Still
more elegant (in the initial description where e=tangCD? and so
forth) _ o

1=e—1CG

! {co:DC.msOdzm.\[: =2{¢t
— 1+a=1CG e -
cos0D.cosNe = ———-—-———-‘(G.__G“G__G}.!jﬁ = T.yE

: tedi—2110F - 2
1l cos0B.cos0E = Wr\/oe_n.sfo:

T-

For ten eguations of I there are only nine values because
multiplying 5 gives the same result as multiplying by the five
others. Therefore there must be among the ten magnitudes % e, B, b et
four eguations of condition which represent the most elegant '

e = eebh D, yedD = coe€ w s w. oder auch
5a7C = 78D, 88D =5eCC ws. w.
But
£ Doy Ced .
cosOA’_-:'cl- a=T'=?‘u.s.w.. cosla® =2 aw |
- Y /
(74

Agril 20, 1843. The eccentric anomalies ¢, of o™ 0" """ Bt
the points A,B,C,D,E are combined by the equations (G is
considered as negative)

geil{e”+e™) G . o 4 {e”49") G

RS Rl S S =) & 07
sople’+e™) 5 G(G—1) . G(3G—1) .
T ey i —-—G-[G._l}.am? = Frac— BT
e 4(e’+2"") GIG=1) GG =1)
S—e) - Ve (e=0 % T a8



The relationship among the angles ¢°, ¢’, 9" are simplest to
represent in the following way

G!_ GH
\l G'-1 =

becoming &n=

(6—_d14%am _ (86— d)8Fom __ (Lé=8)18mm _ (. é—_é&ifom {Lé—_2)i8om
(Ce=,a)tdemn  (e—_d)tdom = (é—_a)tdun = T(e—.o)tium

(..e=—,0)t3om

-for £n+1/En-1 gives a similar expression which is easily derived
out of this.

2 > I

In Zahlen
| EN 3
log tang log tang  logd

c®.= 50°29" 20" 80° 54’ 55 49° 13 47 0.79616 0.06418 9.81007
o = 92 56 38 55 49 271 15 16 123 0.16814 9.43617 9.182
o = 162 8 14 83 483 52 59 41 165 0.96505° 0.23313 9.97901
™= 260 34 22 64 29 165 21 13 39 0.32127 9.38931 9.335!5
T =

291 6 47 74 57 29 34 35 48 0.57068 9.33871 9.G3%¢4¢F
0.73196 = log3q

(8.]

The ¢,e’, 0", ¢’ ", ¢"" are nothing other than the amplitudes of
five transcendental arguments which grow around 4/5 K (in the
meaning of Jacobi p. 31) and where the modulus is k.

10



The transcendental argument itself taken as indefinite

1
Sd?—!d' \/ T Gé
ﬂu*ry} 1
( ”"'" “+lo°o'"ss)”

s is used in the description of Jacobi so that .
proportional
die drei Gréssen ebenso den Zablen oder

tang +(o'—¢") | tang + (3" —3") jw s w. G(QG_I)\/(E;T‘@‘-—;;—:E) tang am 4 K

)

tang (37— ¢) | tsog 4 (s7—7") —GY(g—r) g 2K
8o A¢ 1 1
v 0L gTISS
4,677 “'5'
' {34656 - - R pam
T { ¢ %‘fﬂ[::
R

FURTHER FRAGMENTS ON THE PENTAGRAMA MIRIFICUM

The exponents of the rejuvenation of the primary axes of the
central preojection ellipse are

Tor 6=t . 1
T = VorT fir die erste Axe e
G =1 267~-1 i ; 1
- = 7ox fir die zweite Axe 7=

©or because
GG G = —+afyde,

(G=)(GE=1)C=1)=—1t,
(2G=1)(2G"=1)(2GF —1) ==—c370e

11



the value of the rejuvenation of the projected axes = 1/1-2G

It is advantageous to bring in, next to the previous
magnitudes G, G’,G” also the roots of the equations

vy —
=5 = Vepree
¢,n7,! are the sar~ so

E+n+C=—El= Yadioe,

-

Enral+lE=1,

I /| G
G_CZ—I oder C= " =0
’ E:‘ - G’
Fmgn 8 O=yEep
jp— n v FEERs 3 .
G = oder 1=V

The Coordinates referring to the inner pentagon (the
spherical) are

: ) &
= ) kh " =5
- —_—
VE-E+8 VEEE  Eu.n
¥ PR

and so forth. On the other hand, the coordinates for the outer

one are - _
&= Ay £s

Viizz < o T caavee — ’

e L Hzz s anyy Qs Yiisz - anyy ={l:s

12



For our example where afyée =20 the number values are:

£=3.9276268 7=1.3735071 {=-0.9289980

(16 ]

A, ¢ the coefficient of the rejuvenation (negative
- fraction) .

23 : :
a, ek, 8l eX, successive primary axes

b, bw. bpm, bpl .- of the projected ellipse
o gl g T iy B of the five polygonal
ef+bmi, e¥bni points (Star form)

A, u,v are roots of the eguation

pl=p PR

M+l pusl _ vl - 1
= - — = VYagtoe = <

A p vy = Apy = @,
lptpordadsl = 0,

11_:.!“;-:-11 = ww— 2.

l=mgL, p==ting)f, "=t3ngh.v
L&+ N=20

13



L=—=14174", M= —36°3"26", N = 50"20"30".

' 1 eos L*
G = o = aap
In our example - ot 2
w 1 eos M
G = l—pp = e 3
1 cos N ;
G = l=—v = m".".ﬁ"’ :

. —

1141 b gadll| P_I-i" -y w1 —
Ty == = — =
£ 1 ny’ 1 1
sl ' anl¥ ¢ amll =0,
i " 1 0

The four points A¢+uni, §/+97i, E"+9"i, ANf'"+un’"i lie in a
straight line and just so for four other combinations of any four
other points.

11_1

1 o
(:"7‘ ==y,

la1 = i
14 {-—-C JE =-‘-——l{‘q .._n'J.q < 1

ge]

- B

Bretim A
T-J—G-{—l = B,

"+T':-1 - ‘D!

a4+l =E,

1+l =4, c+d-a=1,
ite=i=0F, d-:—e-:-ﬁ=5
¢+a+k=C', ‘+a+7“5|
g-:-p-'—l=p', a-:-B-{-B =93,
pLy+r=E, btc+e=¢,

14



Cetbtctdie=s,
e+f+1+ite =5,
A%—B—FC4nD%—E==EF=.J4~BZECQHD%—Eﬂ
2+3B8+€+D+E=6,

- §=20+54=75,

S = o125, T w=stoeLl
I’roporticnalitéten‘:
ad = (e+1)b+3),

0B = (a+38)(c+t),’ )

¢C = (b+¢)(dLa), -
" dD = (c+a)(e+B), -
¢E = @+)o+1),

all from the principle that the products taken away from one
another are equal triangles (simply having common points or
having no common sides) being reduced from guadrilaterals by the

diagonals.

The general barycentric eguation between four points e.g.
(K} (B) (C) D) is:

LN (A= 4 (Bl + L (O (D) = 0,
where triangle /\ represents the triangle BCD, 435 the triangle
CDA and so forth. (with consideration for the sign). In our case
this becomes, if according to the above description one still

sets:

A* =g+y+i+a+), wawW

A" =0—-8—-C, wvsw,

the type of egquation between four points:

C(4) = D" (C) = 4*(B)~B(D),

where A expresses the relevant corner point of the outer
pentagons, or:

E(d) - (0m €= ©)(C) = (0—B—&)(B) = B(D) = (w—E}(e), |

where (e) expresses the relevant point of the inner pentagohs.

15




Ace+Celb—¢) = Bb(c=¢)=Dbe,
Bda+Ddc—a) = Cc{d—a)+ Eca,

CeB+ Ee(d—¢) = Dd{e—p)+ Ad3,
Dat+Adafe—1) = Ee(a—1)+ B T,
Lo+ Bbja—37) = Aalb—d)=-Cas,

“lg—l—g—v—v+p)—(—2)(3—q) =Y
‘el —gd—o—1=—22)— (2 —g){e—2) =2V
‘l@—n—:—gﬂpﬁ-q]—(l.—n][l—a) =1y
‘fe—3—g—L—250)—(§—2)(d—7) = gY
‘2fp—g—l—gd—q+3)—(o—p)(2—2) = 9Y

or the next symbols

| )-.{o) = (8-9)(1+2)—0(3+7)

oy if

LI - O
a=p=7

becomes set as

pos

LAt =0, gtbrctde=3s
¢d = (s=A—a—alg,
de = (s=i—a—¥§) B, =
¢o = (s+l—0—gy,
gb = (s=—1—0—d}3,
be=(s=A—a—¢)e.

16
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therefore yields:

ed_;_de;u_,_sb_;ie

o—-a @b o=c¢ ' ®o=d ' ®=—c¢

'1=m-;5+ £

acd , bde 1 _ges dab ebe

— - —-— - »
swv—wi ' wo—ed ' we—ec ' seo—wd ' se=we¢

consegquently

abtbccd+det+ea =S und aa+df+ecy+diree= .

The area of the outer polygon is =s+A-o0=w; therefore

17

S=0w=-Z.



REMARKS ON THE ELEVEN PENTAGRAM FRAGMENTS

The numerous developments and news about the Pentagramma
Mirificum which are to be found in Gauss’ estate, stem from very
different time periods, and betray a notation [Gauss uses] which
often changes. To this correspond the many different kinds of
standpoints, from which the P. of Gauss is considered. What comes
under consideration here in this respect, besides the eight
fragments published in Volume III of the Collected Works, pp. 481
£f, are two conceptions which in three earlier-printed fragments,
give the foundation [for all this]). A few further, unpublished
elaborations contain in part reiterations, in part extensive
numerical calculations, on the example again and again given by
Gauss of afifye = 20. :

In order to give an essential explication of the Fragments
[9] to [11], it is necessary to reach back to the Fragments 1 to
8.

By Pentagramma, Gauss denotes a spherical pentagon,
something done already by Neper ! with his investigations into

! Since the cited researches of Neper are relatively
little known, so it is permitted here, a couple of remarks
about the content of the same. They are contained in book
II, Chapter IV of Neper’s Mirifici Logarithmorum canonis
desciptio (London 1619) and is the capstone in today’s denoted
Neperian rule’’ denoted theorem: if h are the hypothenuse, a, b,
like chords of a right angle spherical triangle, and if a, B be
the angles lying opposite a and b, then it is true that for a, b,
h, a, B are the five pieces that determine a right-angled
spherical triangle then, the following relations are always true:

a’=n/2-h, b’=n/2-8, h’=n/2-b, a’=n/2-a, B’'=a

Yy

N
A0
e With that the transition from the first to the second

., ¢ triangle is one operation, which after being repeated five times,
V' ends of itself, insofar as then you have gotten back to the
original determining a,b,h, a, B. From this rule, Neper himself
says, that it is readily at hand and comes out of the figure of a
pentagon, just as Gauss also studied in the fragments we are
discussing. Indeed we divide, in order to more closely study the
figure described in the text, the triangle P,P,Q,, thinking it to
be upon the surface of a sphere, the determining arc segments
PQ,=a, P,Q=b, P,P,=h etc., then is precisely the neighbouring
right angled triangle P,P;Q;, which is appropriate to the
determining fragments earlier denoted with a’, b’, h’, a’, B’.
One can according to this directly go to a single right-angled
spherical triangle as point of departure, and from it, by
1eng§hening two sides for their complements, etc. to the
remaining four angles/triangles of the figure, and with that
attain to the pentagram. =



the right-angled spherical triangle, without re-entering angle,
in which each single angle presents the pole of.the opposite
side, and in that according to this, the five diagonals are
quadrants of the sphere. All this clearly to themselves polar
pentagons make up a ggo-folﬁwinfinipqﬂgontlnuum. The added figure

T
R

presents us in stereographic projéect

ion a pentagram P,P,P;PP;.

The same is accompanied by two further two- and especially
three-fold wound/enveloped pentagons Q,0,0,0,Qs and RRR;RRs;. AS a
consequence of the fundamental characteristic of the
pentagramma, the angles of these two latter pentagons are totally
right; if s, are the length of the sides of the Pentagramma
P,....Ps (and the radius of the sphere is set egual to 1) then one
finds the sides of the other pentagons:

PTQM='§'-‘H| ﬁa—g = ;—lm,
@an = &y 6}5—1 = $py -




\?} :

L

A

Under the pentagrams there is to be found one especially
regqular. This has the length of side: e

r— N e
/ s=arcsin -:1%¥§ /// { QW

L /

and lets itself be created from the spherical triangle of angles
2n/5, n/2, n/4, through reproduction around the corner of the
first angle.

What we just pointed to a general pentagram derived
geometrical relation, allows one to put the fundamental formula
of the right-angled spherical triangle in the form of a series of
equations: this is carried out in the fragments 1 to 3. =
i If we project the pentagram from the mid-point of the
éphere, to a tangent plane, with a point of contact, O, lying in
the Pentagram, then you get a plane pentagon, in which the five
straight lines, OP, give you the altitude. The plane pentagon has
withal, moreover, two determining characteristics for itself:

1. the five heights /diagonals all run through one and the
same point, O;

2. the individual heights are by O divided into two
sections, whose product for all heights is the same, and (and
indeed equal to the square of the radius of the sphere.

The projection plane makes Gauss now to the bearer of the
complex numbers (cf. Fragment 2 and chooses in particular, O, as
the zero point. The developments given later in Fragment 2, have
the following sense. Upon five rays proceeding out of O, let five
arbitrary points p, p’, «¢s, P'?7’’?, be chosen; the shifting of
these points as given by Gauss, each upon its ray, up to the
points @, g ;e ;g@'*77?, produces then in these last points, the
angles of a pentagram of our kind. -

If M is the midpoint of the sphere, then it is possible
through the 5 rays that are drawn to the corners of the
pentragram P,, MP,, a uniguely determined cone of the second
degree to construct. The last and namely the transformation
formation of the same upon its main axes play in further
unfolding of this by Gauss, a foundation-laying role. The cubic
equation of this transformation of the main axes, which depends
only of the product of the five tangents of the pentragram sides,
will also be according to their numbered side in 5 be handled. If
one wants for the rest, to prove the numerical relations of the
fragments 5 and 6, it is best to just knot to the well-known more
recent basic formulae for the transformation of the main axes of
a cone. With the next thing chosen by Gauss, the coordinate
system ,X,y, z, one can derived from those basic formula, the
equations of the cited fragments, gquite without calculation. -

\xh_ﬂﬂéﬂ,ﬁﬂfixhxhﬁ_iﬂf,ff—J
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The development under 7 and 8, which carry the date 1843
April 20, are the foundation of the relation of the pentagram to
the division into five of elliptical functions. It is without
doubt, that Gauss in connection to this, under the stimulation of
the treatise by Jacobi, ‘’about the application of the elliptical
transcendental, to a familiar problem of elementary geometry =*)
has recognized. Jacobi studied the same pentagon, whose single a
circle was inscribed, and at the same time is circumscribed by
another circle, and points to the relation of this to elliptical
functions.

In order to actually implement the transition from the
pentagram to the Jacobi five-sided figure, let us project first
from the mid point of the sphere to that tangential plane of the
sphere, whose point of contact is with/of the diameter point of
the sphere with the axis of the cone. The cone is cut by this
projection plane into an ellipse, which is then inscribed into
the projected pentagram. The affine transformations which are
given in the figure below, produces in Pf, PYo.»«P%; & Jacobi
pentagon.

PJ’

F,

2,

The justness of this assertion stems from the agreement of
the Gaussian formula in 7, and 8, with those of Jacobi a.a.o.
developed equations. To prove the Gaussian relations one can
Proceed as follows:

Let us use in the projection plane the main axes of the
ellipse as axes ¥, Y and let the sphere radius egual 1, then the
sphere midpoint lies perpendicularly upon the plane under O at a
distance 1. The fundamental property of the pentagram, that
namely angle P, \MP,,,=n/2 is provided by the five equations:



(1) R i iy P Yol Thga ¥ =¢

when x, and Yy;, are the'boordinates of P,. The ;ingle pa}r, Xpr Yo
appears in two equations, through whose solution one finds

(2) s Yior = Yoy Loy — Ties

If now, as it is with Gauss, u, the eccentric anomaly of Py,
then the coordinates of P’, are clearly cos b, sin ®,, and one
finds as coordinates of Pg:

G, G’, and G’’, in the sense as used by Gauss. Through the
substitution of these values into eguation 2, the first then will
be found under 7 of the eguations provided by Gauss:

5D § Qe+ Foms) G

= ——,:Iinq .
cott Prr—9rs) O '

co8 § '9puq 42}
€08 § Trps— Pl

-
— Gi ?Il

I1f one here eliminates ®,, and writes after this k instead of k +
2, then it follows:

G''cos’ § 9+ Fasr. + G"'un’§ futSad) = G?cos® § i) = Faesle
Gt eot 9y — 91 + G = G ") c08 90+ @) = G*'+ G -G

Through developing the cosine and substituting the
coordinates of the point P,, it follows further:



) (G =G4 GG TaZon +(F + 6= GG Nt + =G+ G+ GG = o

Now G, G’, G’‘ are the roots of the equation

G21G—1)® = aB13c(G—1).

There is to be found then according to this, an absolute member
of the last egquation:

' ” . 14adyste afyde 1
(G'+ G+ G" —2G"G = (—TT—--zG’)G =t

and one finds analogous expressions for the coefficients of the
first two members of the equation (3), so that each eguation 1s
changed into:

Ts Zowy Y Yoy 1
(4) :G’-—-1+:G”—;+g(;_1 =

To the extent that one deals with these equations the same
was as (1), there will be found further those relations collected
in fragment (7).

The assertions made here about the relation between Gauss
and Jacobi, are put into a new light by these remarks, that each
arbitrarily common pentagon, without re-entering angles, can
become collinear in a Jacobi sense, and can thus also be {
transformed into a Gaussian pentagram. One can, namely, inscribe | |
in the give pentagon an ellipse, and likewise circumscribe it Iy
with a determined conical cut. All that is needed, is to
transform this pair of conical cuts into a pair of collinear
circle cuts, which according to today’s well-known methods, is ‘
not difficult.

This remark is also of importance for the elaborations
carried out in the fragments ([9] to [11]. Gauss constructed here
first by continuing the diagonal and the lengthening of sides, an
chain endless in both [beginning of page 116] directions, of //
pentagons and recognizes, that this net is transformed into
one-another circumscribing pentagons



though the collineation:
(5) x'=(2G-1/2G’'-1)x, y’=(2G6-1/2G"-1)y

For making things clear, compare the figure provided; Gauss
himself made ready drawings of this kind, in which the net of
pentagons are carried through still much further. What in (5)
stands on the right hand, the coefficients, are the ’’exponents’’
or ’’coefficients of the rejuvenation’’ which in [9] and [10]
come into action. It lies very close by, to conceive the
here-presented relationship of things, in the sense of modern
theory of discontinuities substitution groups. The zero point, O,
seems withal, as the inner boundary point of the pentragram net,
and is one of the three boundary points of the from (5)
originating cyclical collineation group.

As a result of the remarks sent off before, the same to be
found with each pentagon [also] that has re-entering angles. This
relationship is well-known in recent literature.

The justness of the Gaussian assertions can thus be
confirmed: that to PP, .. Ps; first there be joined the external
pentagon Q, Q, ... Q;, is the same, which out of the so-called
spherical pentagon originates upon projection. If Q, has the
coordinates x’,, y’,, so the value of angle QMP,,, = n/2 then the
following is true:



X p Xy Y W Vpe1+1=0

The comparison with the five equations (4) allows it to appear
that for all indices Kk, ~the formula (5) appear to be valid.
P 117

That Gauss was aware of the projective character of his
development that we have just discussed, is made probable by the
fragment (11). Gauss applies here the fundamental theorem of
Moebius’ barycentric calculus upon the figure of a straight-line
pentagram; one will be able to, understand the formulae of Gauss,
in the sense of this calculation, without difficulty. To the
projective character of the latter, corresponding, here an -
arbitrary pentagon was attached. According to a letter to
Schumacher of the 15 of May, 1843, Gauss had become acquainted
with for the first time on the 14 of May of that year the (which
appeared in 1827 ) the work of Moebius about the barycentric
talculus, and probably, one might guess from stimulation of the
task of finding the midpoint of a conical cut given by five ¥
points by construction. For the spec1al pentagonal net, upon
which the formula of the fragments [5]) to [10] are related that
task should be with the problem of constructing the 1nterna1
boundary point of a single net. For the rest, the development of
the fragments 7 and 8 stem from the April 1843 and those of the
Fragment 11, probably follows (immediately) to the one of the 14
of May 1843. After/accordlng to this, we should not hesitate to
assume, that the investigations undertaken in 9 and 10, were
carried out in the weeks lying between those two dates.
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